In this paper, we prove that there exists no equifocal submanifold with non-flat section in irreducible simply connected symmetric spaces of compact type and rank greater than one. As its application, it is shown that all polar actions on the symmetric spaces are hyperpolar.
Introduction
A properly immersed complete submanifold M in a symmetric space G/K is called a submanifold with parallel focal structure if the following conditions hold:
(PF-i) the restricted normal holonomy group of M is trivial, (PF-ii) if v is a parallel normal vector field on M such that v x 0 is a multiplicity k focal normal of M for some x 0 ∈ M , then v x is a multiplicity k focal normal of M for all x ∈ M , (PF-iii) for each x ∈ M , there exists a properly embedded complete connected submanifold through x meeting all parallel submanifolds of M orthogonally. This notion was introduced by Ewert ([E] ). In [A] , [AG] and [AT] , this submanifold is simply called an equifocal submanifold. In this paper, we also shall use this name and assume that all equifocal submanifolds have trivial normal holonomy group. The submanifold as in (PF-iii) ia called a section of M through x, which is automatically totally geodesic. Note that Terng-Thorbergsson [TeTh] originally introduced the notion of an equifocal submanifold under the assumption that the sections is flat. The condition (PF-ii) is equivalent to the following condition:
(PF-ii ′ ) for each parallel unit normal vector field v of M , the set of all focal radii along the geodesic γ vx withγ vx (0) = v x is independent of the choice of x ∈ M .
Note that, under the condition (PF-i), the condition (PF-iii) is equivalent to the following condition:
(PF-iii ′ ) M has Lie triple systematic normal bundle (in the sense of [Koi1] ).
In fact, (PF-iii)⇒(PF-iii ′ ) is trivial and (PF-iii ′ )⇒(PF-iii) is shown as follows. If (PF-iii ′ ) holds, then it is shown by Proposition 2.2 of [HLO] that exp ⊥ (T ⊥ x M ) meets all parallel submanifolds of M orthogonally for each x ∈ M , where exp ⊥ is the normal exponential map of M . Also, it is clear that exp ⊥ (T ⊥ x M ) is properly embedded. Thus (PF-iii) follows. An isometric action of a compact Lie group H on a Riemannian manifold is said to be polar if there exists a properly embedded complete connected submanifold Σ meeting every principal orbits of the H-action orthogonally. The submanifold Σ is called a section of the action. If Σ is flat, then the action is said to be hyperpolar. Principal orbits of polar actions are equifocal submanifolds and those of hyperpolar actions are equifocal ones with flat section. Conversely, homogeneous equifocal submanifolds (resp. homogeneous equifocal ones with flat section) in the symmetric spaces occur as principal orbits of polar (resp. hyperpolar) actions on the spaces. For equifocal submanifolds with non-flat section, some open problems remain, for example the following.
Open Problem 1. Does there exist no equifocal submanifold with non-flat section in an irreducible simply connected symmetric space of compact type and rank greater than one ?
This includes the following open problem.
Open Problem 2. Are all polar actions on irreducible simply connected symmetric spaces of compact type and rank greater than one hyperpolar ? L. Biliotti [Bi] gave the following partial answer for this problem.
All polar actions on irreducible Hermitian symmetric spaces of compact type and rank greater than one are hyperpolar.
In 1985, Dadok [D] classified polar actions on spheres up to orbit equivalence. According to the classification, those actions are orbit equivalent to the restrictions to hyperspheres of the linear isotropy actions of symmetric spaces. In 1999, Podestà and Thorbergsson [PoTh1] classified (non-hyperpolar) polar actions on simply connected rank one symmetric spaces of compact type other than spheres up to orbit equivalence. Kollross [Kol2] has recently showed that there exists all polar actions on irreducible symmetric spaces of type I and rank greater than one are hyperpolar. See [H] about symmetric spaces of type I. Thus homogeneous equifocal submanifolds in irreducible symmetric space of type I are classified completely. All isoparametric submanifolds of codimension greater than one in a sphere are equifocal submanifolds with non-flat section. According to the homogeneity theorem by Thorbergsson ( [Th] ), if they are irreducible in a Euclidean space including the sphere as a hypersphere, then they are homogeneous and hence they occur as principal orbits of the linear isotropy actions of irreducible symmetric spaces of rank greater than two.
In [Koi3] , we showed the following facts:
(I) There exists no equifocal submanifold with non-flat section in
(II) There exists no equifocal submanifold with non-flat section in compact simple Lie groups whose codimension is not equal to two.
In this paper, we solve Open Problem 1 (hence also Open Problem 2). That is, we prove the following fact. Theorem 1. There exists no equifocal submanifold with non-flat section in irreducible simply connected symmetric spaces of compact type and rank greater than one.
As a corollary of this theorem, we have the following fact.
Corollary 2. All polar actions on irreducible simply connected symmetric spaces of compact type and rank greater than one are hyperpolar.
M.M. Alexandrino [A] has recently introduced the notion of a singular Riemannian foliation with section. Its regular leaves are equifocal. Hence, for a singular Riemannian foliation with non-flat section on a symmetric space of compact type, the following fact follows from Theorem 1 directly.
Corollary 3. There exists no singular Riemannian foliation with nonflat section on irreducible simply connected symmetric spaces of compact type and rank greater than one.
Proof of Theorem 1
Let G/K be an irreducible simply connected symmetric space of compact type, △ be the root system of G/K with respect to a maximal abelian subspace of p := T eK (G/K) (⊂ g := Lie G), M be an equifocal submanifold with non-flat section in G/K and Σ x be the section of M through x. Furthermore, without loss of generality, we may assume that G is simply connected and K is connected. In order to prove Theorem 1, we prepare some lemmas. According to Theorem B of [Koi3] , we have the following fact for sections of M because G/K is irreducible.
Lemma 2.1. The sections of M are isometric to a sphere or a real projective space.
We can show the following fact for sections of focal submanifolds of M .
Lemma 2.2. Let v be a focal normal vector field of M and F be a focal submanifold corresponding to v (i.e., F := η v (M ) (η v : the end-point map for v)). Then, for each p ∈ F , exp ⊥ p (T ⊥ p F ) is contained in a totally geodesic rank one symmetric space of G/K.
Proof. Without loss of generality, we may assume that
Let κ be the constant curvature of the sections of M and l be the subalgebra of so(T ⊥ eK F ) generated by
c is the parallel translation along c with respect to the normal conection of F and pr ⊥ c(1) is the orthogonal projection of T c(1) (G/K) onto T ⊥ c(1) F . Also, let h be the normal holonomy algebra of F at eK and h be the subalgebra of so(T ⊥ eK F ) generated by l and h. Set H := exp h (⊂ SO(T ⊥ eK F )). By imitating the discussion for the group G p in [Br] , it is shown that L is the image of a principal orbit of the Haction by the normal exponential map exp ⊥ eK of F at eK and that Haction is equivalent to an s-representation. In [Br] , M. Brück use the abelianity of the section in some parts of the discussion. Even if the section is non-flat, we can clear their parts by delicate discussion in terms of the fact that the section is of constant curvature κ. Note that, if M is extrinsically homogeneous, that is, it is a principal orbit of some subgroup action of G, then the H-action is equivalent to the slice representation of the subgroup action at eK. Since the H-action is equivalent to an s-representation, it is variationally complete. Hence, for any element X and Y of T ⊥ eK F , there exists a sequence { Σ 1 , · · · , Σ k } of the sections of the actions such that X ∈ Σ 1 , Y ∈ Σ k and dim( Σ i ∩ Σ i+1 ) ≥ 1 (i = 1, · · · , k − 1) (see the proof of Lemma 1B.3 of [PoTh1] ). Let Σ i := exp ⊥ eK ( Σ i ) (i = 1, · · · , k), which are sections of M . Take v i ( = 0) ∈ T eK (Σ i ∩Σ i+1 ) (i = 1, · · · , k). Let a i be a maximal abelian subspace of p containing v i and p = a i + α∈△ i + p i α be the root space decomposition with respect to a i . According to Lemma 2.1, Σ 1 , · · · , Σ k are totally geodesic spheres or totally geodesic real projective spaces of G/K. Hence we have
, where we note that p i
. Thus both X and Y belong to t 1 . From the arbitrarinesses of X and Y , we have T ⊥ eK F ⊂ t 1 and hence exp eK (T ⊥ eK F ) ⊂ T 1 . Since T 1 is a totally geodesic rank one symmetric space of G/K, the statement is shown.
q.e.d. 
Since G is simply connected and K is connected, M are connected. Denote by A (resp. A) the shape tensor of M (resp. M ) and by ∇ ⊥ (resp. ∇ ⊥ ) the normal connection of M (resp. M ). For each u ∈ M , we define a subspace (E 0 
where c g
Without loss of generality, we may assume that eK ∈ M and hencê 0 ∈ M , where e is the identity element of G and0 is the constant path at the zero element 0 of g. According to Lemma 2.5 of [Koi3] , we have the following fact.
Lemma 2.3. At0 ∈ M , we have
where X (resp. η) is the constant path at X (resp. η), c f (T ⊥ eK M ) is the centralizer of T ⊥ eK M in f and l i Z,k 's are loops defined by l 1 Z,k (t) := Z cos(2kπt) and l 2 Z,k (t) := Z sin(2kπt).
By using these lemmas, we prove Theorem 1.
Proof of Theorem 1. Let G/K be an irreducible simply connected symmetric space of compact type and rank greater than one. Suppose that there exists an equifocal submanifold M with non-flat section in G/K. Without loss of generality, we may assume that eK ∈ M . Denote by F the focal set of M at eK. According to Lemma 1A.4 of [PoTh1] , F consists of finitely many totally geodesic hypersurfaces in the section Σ eK of M through eK, where we note that F = ∅. According to Lemma 2.1, Σ eK is a sphere or a real projective space. Take a parallel unit normal vector field v of M such that the normal geodesic γ v eK withγ v eK (0) = v eK meets all totally geodesic hypersurfaces of Σ eK constructing F. Let {r 1 , · · · , r k } be the set of all focal radii of M along γ v eK smaller than the first conjugate radius along γ v eK . Denote by m i the multiplicity of the focal normal vector field r i v (i = 1, · · · , k) and F i the focal submanifold corresponding to r i v (i.e., F i := η r i v (M ) (η r i v : the end-point map for r i v)).
Let p = a + α∈△ + p α be the root space decomposition with respect to a maximal abelian subspace a of p containing v eK and set m α := dim p α . According to Lemma 2.2, exp ⊥ ηr i v (eK) (T ⊥ ηr i v (eK) F i ) is contained in a maximal totally geodesic rank one symmetric space T i of G/K. For simplicity, set
: the metric of G/K) and p 2α i = {0} when 2α i / ∈ △ + . Furthermore, it is easy to show that Span{w α i } = Span{v eK }. Therefore, Span{w α i } + p α i + p 2α i (i = 1, · · · , k) coincide with one another and
M through x ∈ M and L i be the leaf through eK of the focal distribution for r i v.
Denote by A and A the shape tensors of M and M := (π • φ) −1 (M ), respectively. Clearly we have
Ker( A w − λ id) , where ⊕'s mean orthogonal direct sum and E 0 is as above. From Lemma 2.3, we have (π • φ) * ((E 0 )0) = (E 0 ) eK , where E 0 is as above. Clearly we have (2.2)
. Let Y be the strongly M -Jacobi field along the geodesic γ w with Y 0 = X (and hence Y ′ 0 = − A w X = −λ X), where γ w is the geodesic in
T eK L i . From the arbitrarinesses of X, w and λ, it follows that (2.3)
From (2.1) ∼ (2.3), we have On the other hand, since G/K is irreducible and rank(G/K) ≥ 2, △ is an irreducible root system of rank greater than one. Hence we have ♯{α ∈ △ + | α(w α 1 ) = 0, α / ∈ Span{α 1 }} ≥ 2.
Also, it is clear that α 1 ∈ {α ∈ △ + | α(w α 1 ) = 0} and 2α 1 ∈ {α ∈ △ + | α(w α 1 ) = 0} when 2α 1 ∈ △ + . Therefore we have α∈△ + s.t. α(wα 1 ) =0 dim p α ≥ dim(p α 1 + p 2α 1 ) + 2.
This contradicts (2.6). Therefore, there exists no equifocal submanifold with non-flat section in G/K. q.e.d.
